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0. INTRODUCTION 

In 1992, S. Berman and R. Moody |4j introduced the notion of a Lie 
algebra graded by an irreducible reduced finite root system. This definition 
was generalized by E. Neher [6] in 1996 to Lie algebras graded by a reduced 
locally finite root system and also by B. Allison, G. Benkart and Y. Gao 
[2] in 2002 to Lie algebras graded by an irreducible finite root system of 
type BC. Finally this definition was generalized to Lie algebras graded by a 
locally finite root system (not necessarily reduced) in [6] and [8] . A complete 
description of Lie algebras graded by an irreducible finite root system is 
given in [1], [3], [2] and [5]- In [6], E. Neher realizes Lie algebras graded 
by a reduced locally finite root system other than root systems of types F4, 
G2 and Eg as central extensions of Tits-Kantor-Koecher algebras of certain 
Jordan pairs. In [8], the author studies Lie algebras graded by an infinite 
irreducible locally finite root system (not necessarily reduced) and gives a 
complete description of these Lie algebras. 

Central extensions play a very important role in the theory of Lie algebras. 
Central extensions of Lie algebras graded by an irreducible finite root system 
is given in [1], [2] and [5]. The universal central extension of Lie algebras 
graded by a reduced locally finite root system is studied by A. Walte in 
her Ph.D. thesis [7] in 2010. In 2011, E. Neher and J. Sun prove that 
the universal central extension of a direct limit of a class {Ci | i € /} of 
perfect Lie superalgebras coincides with the direct limit of universal central 
extension of >Cj's. As a by-product, they determine the universal central 
extension of Lie algebras graded by an irreducible reduced locally finite 
root system. Here in this work we study the central extension of a Lie 
algebra graded by an irreducible locally finite root system (not necessarily 
reduced). According to [8], if A is the type of an irreducible locally finite 
root system, for a specific quadruple q called a coordinate quadruple of type 
X, one can associate an algebra b(q) and a Lie algebra {b(q),b(q)}. The 
structure of Lie algebras graded by an irreducible locally finite root system 
R of type X just depends on coordinate quadruples q of type X and certain 
subspaces JC of {b(q), b(q)} said to satisfies the uniform property on b(q). In 
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fact corresponding to a coordinate quadruple q of type X and a subspace IC of 
{b(q),b(q)} satisfying the uniform property on b(q), the author associates 
a Lie algebra C{q,}C) and shows that it is a Lie algebra graded by the 
irreducible locally finite root system R of type X. Conversely she proves 
that any i?— graded Lie algebras is isomorphic to such a Lie algebra. In this 
work we study the central extensions of root graded Lie algebras. We prove 
that a perfect central extension of a Lie algebra graded by an irreducible 
locally finite root system Ris a Lie algebra graded by the same root system R 
with the same coordinate quadruple. Moreover, we prove that the universal 
central extension of a Lie algebra C = £(q,/C) graded by an irreducible 
locally finite root system R is C{q,{0}). 



1. Preliminary 

By a star algebra (21,*), we mean an algebra 21 together with a self- 
inverting antiautomorphism ★ which is referred to as an involution. 

We call a quadruple (a, *,C,/), a coordinate quadruple if one of the fol- 
lowings holds: 

• (Type j4) a is a unital associative algebra, * = ida, C = {0} and 
f : C X C — > a is the zero map. 

• (Type B) a = A (B B where ^ is a unital commutative associative 
algebra and ,S is a unital associative ^-module equipped with a 
symmetric bilinear form and a is the corresponding Clifford Jordan 
algebra, * is a linear transformation fixing the elements of A and 
skew fixing the elements of B, C = {0} and f : C x C — > a is the 
zero map. 

• (Type C) a is a unital associative algebra, * is an involution on o, 
C = {0} and f : C x C — > a is the zero map. 

• (Type D) a is a unital commutative associative algebra * = ida, 
C = {0} and f : C x C — > a is the zero map. 

• (Type BC) a is a unital associative algebra, * is an involution on 
0, C is a unital associative a-module and f : C x C — > a is a skew- 
hermitian form. 

Suppose that q := (a, *,C,/) is a coordinate quadruple. Denote by A 
and B, the fixed and the skew fixed points of o under *, respectively. Set 
b := b(a, *, C, /) := o © C and define 

(11) . : b X b ^ b 

(«! + ci, a2 + C2) iH> (ai • Q2) + /(ci, C2) + ai • C2 + 02 • ci, 

for oi, a2 € 1 and ci, C2 € C. Also for /3, /?' € b, set 



(1.2) f3of3':=f3.f3' + f3'./3 and [/3, /?']:= /3 •/?'- /3' • /3, 



and for c, c' G C, define 



(1.3) 

Now suppose that £ is a positive integer and for a, a' € a and c, c' € C, 
consider the fohowing endomorphisms 
(1.4) 

da,a' ■ b > b, 

a']) /3] q is of type A, /? € b, 

a'{a(3) — a{a' j3) q is of type 5, /3 G b, 

^ [[a, a'] + [a* , a'*] ,13] q is of type C or BC, P ^ a, 

^^{[a,a'] + [a*,a'*]) ■ P q is of type C or SC, /3 € C, 

,0 q is of type D, /3 € b, 

q is of type SC, /3 G a, 
^(c<:?c') • /3 - i(/(/3, c') • c + /(/3, c) • c') q is of type BC, /? G C, 
otherwise, 



/3 ^ < 



/3 ^ < 



da.c ■ — d(. Qi . — 0, 

da+c,a' +c' „,„ 

One can see that for /3, (3' G b, d/3,/3' G Z?er(b). Next take if to be a subspace 
of b (8> b spanned by 

a (g) c, c® a, a®h, 

a ® a' + a' ® a, c ® c' — c' ® c, 

{a ■ a') ® a" + {a" ■ a) ® a' + {a' ■ a") ® q, 

/(c, c')®a + {a* ■ c') ® c - {a ■ c) ® c' 

for a, a', a" G a, a G ^, 6 G B, and c, c' G C. Then (b Cg) b)/i^ is a Lie algebra 

under the following Lie bracket 

(1.5) 

[{P^®P2)+K, {P[(^p'^)+K] := (((i^,,^,(/3;)®/3^) + K) + (/3l®d;3i,/32(/32))+^) 

for (32, f3[, G b (see [S] Proposition 5.23] and [1]). We denote this Lie 
algebra by {b, b} (or {b, b} if there is no confusion) and for Pi, (32 G b, we 
denote (/3i (8> P2) + -f^ by {^1,^2} (or {^1,^2} if there is no confusion). We 
recall the full skew- dihedral homology group 

n n 

HF(b) := {Y,{P^, PI} G {b, b} \ dp^^p, = 0} 
1=1 1=1 

of b (with respect to i) from [2] and [1] and note that it is a subset of the 
center of {b, b}. For /3i = ai + 61 + ci G b and /32 = 02 + ^2 + C2 G b with 
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ai,a2 £ A, bi,b2 & B and ci,C2 € C, set 

(1-6) ^^i,/32 •= [«!' «2] + [^1, ^2] - C19C2; /?!* := ci, /3| := C2. 
We say a subset /C of the full skew-dihedral homology group of b satisfies 
the ''uniform property on b" if for /3i,/3j, . . . ,f3n,Pn ^ ^) Z^ILii/^*' A'} ^ ^ 
implies that ^/ = 0. 

Remark 1.7. We point it out that if q is a coordinate quadruple and 
HF(b(q)) has a subspace satisfying the uniform property on b(q), then {0} 
also satisfies the uniform property on b. 

Suppose that / is a nonempty index set and set J := I tt) /. Suppose 
that V is a vector space with a fixed basis {vj | j G J}. One knows that 
g[(V) := End(V) together with 

[•, •] : 5[(V) X sl(V) 0[(V); (X, Y) ^ XY - YX; X,Y G qI{V) 

is a Lie algebra. Now for j, k J, define 

(1.8) Cj^k : V — >V; 6k,iVj, [i G J), 

then Qi{J) := spanjrlcj^fc j j, A; G J} is a Lie subalgebra of 0t(V). Consider 
the bilinear form (•, •) on V defined by 

(1.9) {vj,vj,) := -{vj,,Vj) := 2Sj^k, {vj,Vk) := 0, {vj,V]i) := 0; {j,k G /), 
and set 

g:=5p{I) := {(/>Gg[(J) | {(l){v),w) = -{v,(t>{w)), for all u; G V}. 

Also for a fixed subset Iq of /, take {/a | A G A} to be the class of all finite 
subsets of / containing Jq, in which A is an index set containing 0, and for 
each A G A, set 

(1.10) ■=gr\ span{e,.,s \ r,s e hUlx}. 

Then ^ is a locally finite split simple Lie subalgebra of qI{J) with splitting 
Cartan subalgebra 7i := span^j/ij := ej^j — e^^ | i G /}. Moreover, for 
with i 7^ j, we have 

Gei-ej = F(eij - e-jj), g^^+e, = F(eij + e^-j), Q-^i-e^ = F(eij + ej^J, 

Also for A G A, ^'^ is a finite dimensional split simple Lie subalgebra of type 
C, with splitting Cartan subalgebra T-L^ := Ting^, and g is the direct union 
of {^^ I A G A}. 
Define 

TTi-.g^ End(V); 7r((/.)(?;) := (/.(v); G v G V. 

Then vri is an irreducible representation of in V equipped with a weight 
space decomposition with respect to Ti whose set of weights is {=bej | i G /} 
with Ve- = ¥vi and V-^. = F't;^ for i G I. Also for 

(1.11) 5 := {0 G g[( J) I tr{(j)) = 0, ((/-(-y), u;) = {v, (p{w)), for all v,w e V}, 



5 



we have that 



TTa : ^ End(5); tt2{X){Y) :=[X,Y]; X eg,Y 

is an irreducible representation of G in S equipped with a weight space 
decomposition with respect to H whose set of weights is {0, ±(ej ± e^) | i, j £ 
I, i / j} with So = spanji.{er.,r. + ef,f - |^ + eij) | A G A, r G Ix}, 

■Sei+ej = F(eij - e^- •), S-e,-ej = F(e-j - e-j^i) and S^^-e, = F(eij + ejj) 
(z, j e I,i ^ j). Next for A G A, set 



(1.12) 



:= spaiiflvr I r G /a U h}, 
:= Sn span]5-{er,s | r, s G /a U 



Then V'^ and are irreducible finite dimensional C/'^— modules with the set 
of weights {Rx)sh and {0} U {R\)ig respectively. 

Theorem 1.13 (Recognition Theorem for Type BC). Suppose that I is 
an infinite index set and d. is an integer greater than 3. Assume R is an 
irreducible locally finite root system of type BCj and V is a vector space 
with a basis {vi \ i G lUl}. Suppose that (•, •) is a bilinear form as in ( li.g)) . 
set Q := 5p{I) and consider S as in Fix a subset Iq of I of cardinality 

i and take Rq to be the full irreducible subsystem of R of type BCj^. Suppose 
that {R\ I A G A} is the class of all finite irreducible full subsystems of R 
containing Rq, where A is an index set containing zero. For A G A, take Q'^ 
as in Lemma \l.l(A and V'^^S^ as in Next define 



Vi ^ 



Vi ie hUlx 
otherwise 



and for e, f £ G L) S, define 



f f , f tr{ef) 
eo f := ef + fe j — Jq- 

(i) Suppose that (a, *,C,/) is a coordinate quadruple of type BC and A, 
B are *-fixed and *-skew fixed points of a respectively. Set b := b(a, *,C, /) 
and take [•,•], o, c;?, o to be as in Subsection 7? . For Pi, (32 G b, consider dp-^^p^ 
as in ^.4^ and take [3^^ /^a'/^i '^'^^ 1^2 ^■^ \1.6\) . For a subset JC o/HF(b) 
satisfying the uniform property on b, set 



= {g®A)(B{S^B)®{V®C)® ({b, b}/IC). 
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Then setting := {^,^'} + /C, /?,/?' G b, C{b,]C) together with 

(1.14) 

[x (8) a,t/ ® a'] — [x,y] ® i(a o a') + {x o y) ^ i[a,a'] + tr{xy){a,a'), 
[x (g) a, s (g) 6] = (x o s) (g) i[a, &] + [x, s] i(a o 6) = — [s 6, x Cg a], 
[s®b,t®b'] = [s,t] ® i(6o6') + {sot)® \[b,h']+tr{st){b,h'), 
[x ® a,u ® c\ = xu® a ■ c = —[u®c,x®a], 
[s®b,u®c\ = su®b- c = — [u®c,s®b], 
[u® c,v ® c'] = {u ov)® (co c') + [u, v] ® (c9c') + (m, w)(c, c'), 
[(/3i,^2),x(g)a] = ^{{xo3o)®[a,l5l^^^] + [a;,3o] «> (ao^;^ ^J), 
[(/3i, /32), s ® Jo]® (6 ° /3;,,^ o %)® % J+2tr(s3o)(6, 

/32), ®c] = j-^ov ® ,^-c)~^v® (/(c, /32*) ■ A* + /(c, /?!*) • /32*) 
[(/3i,/32),(/3i,/3^)] = + 

for x,y e G, s,t e S, u,v eV, a, a' G ^, b,b' G c,c' G C, /3i , /32 , , e 
b, zs an R-graded Lie algebra with grading pair [Q, %) where % is the splitting 
Cartan subalgebra of Q. 

(ii) If C is an R-graded Lie algebra with grading pair {q,1)), then there 
is a coordinate quadruple (a, *,C,/) of type BC and a subspace fC of b := 
b(o, *,C,/) satisfying the uniform property on b such that C is isomorphic 
to £(b,/C). 

A Lie algebra epimorphism vr : C — > C from (C, [•,•]) to {C, [•,•]) is called 
a central extension of C ii C := /cer(7r) C Z{C). One knows that there is a 
subspace C of C such that it{C') = C, vrj^, : £' — > £ is a linear isomorphism 

and C = C (B ker^n). For x £ C, take x' G C and x" G ker{-K) to be the 
image of x under the projection maps of C on C and ker{Tr) respectively, 
then for x,y £ C, [x, y] = [x, y]' + [x, y]" . One can see that (£', [•, •]') is a Lie 
algebra and nlc ■ {C , [•, •]') — > {C, [•, •]) is a Lie algebra isomorphism. Also 
T : C' ^ C — > C mapping (x, y) to [x, y]" is a 2— cocycle. We identify C 
with C via vr, therefore we have C = C® C, i: : C — )■ C is the projection 
map and for x,y G C, e, f € C, [x + e,y + f] = [x, y] + r(x, y). The central 
extension vr is called perfect if £ is a perfect Lie algebra. 

Lemma 1.15. Suppose C is a Lie algebra and t : C x C — > C is a 
2— cocycle. Consider the corresponding central extension L = L®C with Lie 
bracket [•, •] as above. Let Q be a finite dimensional simple Lie subalgebra of 
C and consider C as a Q— module via the action action 

■■.QxL^ t 

{x,y) ^ [x,y]; x eG, y £ C. 

If D is a trivial Q—submodule of C via the adjoint representation, then D is 
a trivial Q—submodule of C, in particular t{Q,D) = {0}. 

Proof. Consider the C?— submodule D © t{Q,D) of C If di,...,dn G 
D and ri,...,rn G t{Q,D), then {di + ri, . . . ,dn + rn} is a subset of 
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spanp{(ii, . . . , dn} + X]r=i '^(^^ + spanjrjri, . . . , r„} which is a finite di- 
mensional ^— submodule of D © t{Q,D). This means that D © t{Q,D) is 
a locally finite ^—module and so it is completely reducible as is a fi- 
nite dimensional simple Lie algebra. Next we note that t{G, D) is a trivial 
^— submodule of 2? © r(tJ,'D), so there is a submodule D oi D ® t{Q,D) 
such that D © r(t?, D) = D ® T{g, D). Now for del), there is d e D and 
G T{g, D) such that d = d -|- r. If x € ^, we have [x, d] = r(a;, d). But Z) 
is a ^—submodule of £, so = T{x,d) £ D Ci t{Q,D) = {0}. Therefore 
D is a trivial ^—submodule of C and so D © T{g, D) = D ® t{Q, D) is a 
trivial ^—module. In particular D is a trivial ^—submodule of £ and so 

T{g,D) = {o}. □ 

Lemma 1.16. Suppose that R is an irreducible locally finite root system and 
£ = (BaeR^a is an R— graded Lie algebra with grading pair {Q^T-L). Suppose 
that T : L y, C — > C is a 2—cocycle satisfying t{C,Q) = {0}. Consider the 
corresponding central extension vr : (£, [•,•]) — > C and suppose C is perfect, 
then L = (Ba^R^a with 



(1.17) := 



Ca ifaeR\ {0} 

roffiC ifa = 



is an R— graded Lie algebra with grading pair {Q^T-L). Moreover, if R is a 
finite root system, then the coordinate quadruple of C coincides with the 
coordinate quadruple of C. 

Proof. We know C = C ® ker{7r) and that the corresponding 2—cocycle 
r satisfies t{C,Q) = {0}. Since t{C,G) = {0}, we get that ^ is a subalge- 
bra of C and that ()1.17|) defines a weight space decomposition for C with 
respect to H. So to complete the proof, it is enough to show that Cq = 
J2aeR\{o}i^a, C^a]- For this, we note that [£q,,£/3] C C^_^_|^ for a,(3 e R 
and so 

a,/3;a+/3=0 a,f3;a+l3^0 
Q:,/3;a+/3=0 a,/3;a+/3^0 

Now as YlaeR IS direct, we get that 

a,/3;a+/3=0 qG-R\{0} 
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But Co = Y,a&R\{Q}['^c,X-a], SO 

a£R\{Q} 

= [ X] ['Cq,£_q,],£o] 

aGR\{0} 
qGR\{0} 

C ^ i:o]] + [£_«,[£,,£o]]) 

aG-R\{0} 

qG-R\{0} 

So £0 = X]Q,gR\{o} [^Qi C-a]- This shows that £ is an i?— graded Lie algebra 
with grading pair {Q^T-L). Next suppose is a finite root system. The 
Lie algebra epimorphism vr : C — > C induces a Lie algebra epimorphism 
if : C/Z{C) — y C/Z{C) mapping x + Z{C) to 7r(x) + Z{C) for x e C. We 
claim that is a Lie algebra isomorphism. Suppose that x G C and 7r(x) e 
Z{C), then for each y £ C, Tr{[x,y]) = [7r(i), 7r(y)] = which implies that 
[x, y] € fcer(7r) C Z{/1). Now it follows that for each y,z G C, [x, [y, z]] = 0, 
and so as C is perfect, we get that x G Z{C), therefore ip is injective. Now 
as C and £ are perfect and is an isomorphism, we get that C, C/Z{C), C 
and C/Z{C) have the same universal central extension, say 21. Therefore C 
as well as £ are quotient algebras of 21 by subspaces of the center of 21. Now 
we are done using [U Thm. 420], [21 Thm. 5.34]. □ 

Suppose that q = (a, *,C, f) is a coordinate quadruple of type BC and R 
is an irreducible locally finite root system of type BCj for an infinite index 
set /. Take b := b(q) to be the algebra corresponding to q and suppose IC 
is a subspace of HF(b) satisfying the universal property on b. Fix a finite 
subset Iq of I of cardinality greater than 3 and suppose {I\ | A G A}, 
where A is an index set containing zero, is the class of all finite subsets 
of / containing Iq. For A € A, suppose R\ is the finite subsystem of R of 
type BCi^. Next suppose G — "^aeRsciiv ^ locally finite split simple 

Lie algebra of type Cj with splitting Cartan subalgebra Ti and for A € A, 
take := YlaG(R.)'' © Y^aGiR.)"" [Ga,g^a]- One knows that is 
a finite dimensional split simple Lie subalgebra of Q of type {Rx)sdiv 

and 

is a splitting Cartan subalgebra of G'^. We also recall that Q 
is the direct union of {^^ | A G A}. Consider the i?— graded Lie algebra 

(L18) £ := £(q, IC) = {G (S) A) ® (S (g) B) ® {V (E) C) (B (b, b) 

as in Theorem ll.l3l in which (b, b) := {b, b}//C, S is an irreducible ^—module 
equipped with a weight space decomposition with respect to Ti whose set 
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of weights is Rig U {0} and V is an irreducible t?— module equipped with 
a weight space decomposition with respect to H whose set of weights is 
Rsh- We also recall that 5 as a vector space is the direct union of the class 
{S^ I A G A} where for X G A, is the irreducible finite dimensional 
module whose set of weights, with respect to T-Lx, is {Rx)ig U {0} and 
(5^)0 = Sa for a G also V as a vector space is the direct union 

of the class {V^ | A G A} where for A G A, V'^ is the irreducible finite 
dimensional ty^— module whose set of weights, with respect to ILx, is {Rx)sh 
and {V^)a = Va for a G {R^)sh (see (frT2]l ). We next recah from [H] that 
for A G A, there is a subalgebra Vx of C with Dq = (b, b) such that 

[g\Vx] = {o}, 

Vx e {S^(^B) = Vo(B {S^ 



■= {g^(^A} e {s^®B) © (v^0C) © Vx 

= (G^^A) © iS^®B) © (V^^C) © Po 

and that £^ is a Lie algebra graded by Rx- Suppose that vr : {C, [•, •]) — y 
{C, [•,•]) is a central extension of C. As before, we may assume C = C (B 
ker{TT), IT is the projection map on C and there is a 2-cocycle t : C x C — > 
ker{7T) such that 

[Xl + Zi,X2 + Z2] = [XI,X2] + t{xi,X2); Xi,X2e£, Zi , Z2 ^ kcT {tt) . 

We note that 

£^ := {g^®A)®{S^®B)®{V^'bC)®Vx®ker{^) 

(1.20) = {Q^^A) © {S^^B) © (V^©C) © Po e A;er(7r), 

is a central extension of C^. Now consider the map 

• : g X £ ^ £ 

a; • y [x, 2/J; x £0, y £ C, 

which defines a ^—module action on C One can see that vr is a ^—module 
homomorphism. 

Now for each A G A, take 

(1.21) £x:=g^(BT{g,g). 

One can see that £x is a module via the action "•" restricted to x £x- 
Now as each finite subset {xi + ri, . . . , + r„, | G G t{Q, Q); I < 

i < n} of £x is contained in Q-'^ © (t(C/'*', ^'*') + spanjri, . . . , r„}) which 
is a finite dimensional submodule of the module £x, we get that 
£x is a locally finite module. Therefore it is completely reducible as 
Q'^ is a finite dimensional split simple Lie algebra. Now as t{Q,Q) is a 
submodule of £0, there is a submodule of (?o such that £0 = 
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G'^ © t{Q, Q). Next we note that Sq C £x and for A € A, define 

(1.22) := the tj'*'— submodule of £x generated by Q^. 

Lemma 1.23. (i) Set £ := Q ®t[Q,Q), then £ is both a Lie subalgebra and 
a Q—submodule of C. Also the restriction of tt to 8 is both a Lie algebra 
homomorphism and a Q— module homomorphism. 

(ii) is a Lie subalgebra of C and the restriction of it to is both a 
Lie algebra isomorphism and a — module isomorphism from onto . 
In particular, is a Lie subalgebra of C isomorphic to as well as an 
irreducible Q^—submodule of £q. 

Proof, (i) It is trivial. 

(ii) Suppose that a, 6 € Q^, then since © t{Q, Q) = Q'^ (B t{Q, Q), there 
are unique x, y € , and r, s G r(^, Q) such that a = x + r and h = y + s. 
Now as Q is a submodule of fo, we get that [a,h] = [x,h] G So 
is a Lie subalgebra of C. Next we show that vro := vrl .„ is one to one. 

Suppose that a,6 G ^° and7ro(a) = 7ro(6). Since ^°©r(a,^) = ^°©r(g,g), 
we get that 7ro(a) = '/ro(6) G and that there are unique r, s G t{Q^Q) 
such that a = 7ro(a) + r and b = TTo{b) + s. Now as 7ro(a) = vro(6) and 
Q'^ n t{Q, Q) = {0}, we get that a — b = r — s = {). Now we are done using 
the fact that © r(^, G) = ® t{G, G). □ 

Lemma 1.24. Recall 111.2^) . we have for A G A that G^ is a Lie subalgebra 
of L and the restriction of tt to G'^ is both a Lie algebra isomorphism and a 
G'^ — module isomorphism from G'^ to G^- In particular, G^ is a Lie subalgebra 
of C isomorphic to G'^ and it is an irreducible G'^ — submodule of C isomorphic 
to G^. Moreover G^ © t{G, G) = G^ ® t{G, G). 

Proof. We know that £x = G^®t{G, G) is a locally finite submodule of 
£. under the action "•" restricted to G'^ x £x and that t{G, G) is a submodule 
of © r(^, a). Therefore there is a t/'^— submodule P of © t{G, G) such 
that £\ = G^ ® t{G, G) =V ® t{G, G)- Then setting 9 := tt\^, we get using 
the same argument as in Lemma [1.23l that 9 : V — > G^ is a Lie algebra iso- 
morphism and also a tj^— module isomorphism. Thus as G^ is equipped with 
a weight space decomposition G^ = {G^)o © '^nG(R V i^^)ci with respect 
to Hx, we have the weight space decomposition 7^ = © YlaG(R )^ 
for V with respect to T-Lx, where Va '■= 9~^{{G'^)a) for a G {R\)sdiv This 
in turn implies that {Vq © t{G-,G)) © y2,r,c(fi ^ weight space de- 

composition for £x with respect to l-Lx- We next note G^ has a weight space 
decomposition G^ = Z^Q.g(_Rf,)^^-^, (^?'^)a with respect to I-Lq where {G^)o = 
^ae(Ro)- [iS%,iG'')^a] and for a G {Ro)^^,,, = {G%. Setting 

Q := e-i(gO) and := 9-H{G%) = Va for a G iRo)sd^v \ {0}, one 
gets that Q is a ^''—submodule of V isomorphic to G^ and equipped with 
the weight space decomposition Q = Qa®T.aG(Ra)'' [Qa^Q-a] 

^ ^ ^ sdiv ^ ^ ' sdiv 
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with respect to 7^0- Also X;,p-,x Qa©(EaefRn)x [Qa, Q-a]®T{g,g)) 
and £o = Q(B t{Q, Q) is a weight space decomposition of £q with respect to 
Hq. Now cj*^ is a nontrivial finite dimensional irreducible submodule 
of £q isomorphic to and so by [Y, Theorem], is a submodule 
of £x isomorphic to Q^. On the other hand we know that 6 : £\ — > 

is a module homomorphism. Now as Q'^ and are irreducible 
modules and Q{Q^) = 'it{Q^) ^ 0, one gets that the restriction of vr to Q"^ 
is a module isomorphism from onto Q"^ which in turn implies that 

© T{g, g) =g^ ® T{g, g) and that -.g^ — >g^ is also a Lie algebra 
isomorphism. □ 

Corollary 1.25. For A,^ S A with X ^ fi, we have g'^ C (j^, in particular 
UagA^'^ is a subalgebra of C and also a g — submodule of C. Also setting to 
be the direct union of {0"^ \ A € A}, vr \g is both a Lie algebra isomorphism 
and a g— module isomorphism from g to g. Moreover, we have ^®r(t?, g) = 

g®T{g,g). 

Proof. Since g^ C g^ n gi' and g?^ C ^A*, we get that g^ cgt". Now using 
Lemmas 11.231 and 11.241 we are done. □ 

Recall (jl.lSp and suppose I is an index set containing zero and fix a basis 
{ai \ i £ 1} with oq = 1 for A, also fix a basis {bj \ j G J'} for B and a basis 
{ct\t£ T] for C. For i G X, j G J" and t G T, set 

(1.26) gi:=g®ai, Sj:=S®bj, Vt:=V®ct 
which are ^— submodules of C] also for A G A, set 

(1.27) gt-=g^®ai, S^:=S^®bj, V^:=V^®ct. 

Now suppose M is one of the ^— submodules of C in the class Vf | 

i G Z \ {0}, j £ J, t€T} and consider M := M e T{g, M). Then 7W is a 
^— submodule of C We know that the vector space M is the direct union of 
a class {M'^ | A G A} in which each M.^ is a finite dimensional irreducible 
submodule of equipped with the weight spaced decomposition A4'^ = 
®^(zT^{M^)^ where 
(1.28) 

• For * G {sh, Ig, ex}, Tx \ {0} = (Rx), if and only if Fq \ {0} = (Rq),, 

• Fa C F^; A ^ /i, 

. {M% = {M^Y, A -< 7 G Fa \ {0}. 

For A G A, set := © T{g,M), then is a ^ — submodule of C 
under the action " • " restricted to g^ x C. Now if {rui + ri \ 1 < i < n, mi £ 
M^,ri G T{M^,g)} is a finite subset of M.'^, we see that {mj + rj | 1 < 
i < n} C + T{g^ , M'^) + spanpjri, . . . , r„,} which is a finite dimensional 
t/'^— submodule of C. This means that M'^ is a locally finite module and 
so it is completely reducible as g^ is finite dimensional simple Lie algebra. 
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Next we note that t{Q, M) is a t?*^— submodule of the locahy finite module 
A^*^, so there is a g°-submodule>l° of such that = M'^®T{g,M). 
Set 

(1.29) := ^^-submodule of A^^ generated by A4°; A G A. 

Lemma 1.30. (i) For A € A, the restriction of tt to is a Q''^— module 
isomorphism from AA'^ onto Ad"^ and Ai^ = Ai^ ® t{Q, Ai). 

(ii) For A -< /i, iLie have Ai'^ C Af^, in particular Ai, the direct union 
of {Ai^ I A G A}, is a Q— suhmodule of C. Also the restriction of tt to Ai 
is a Q— module isomorphism from Ai onto Ai and 7W = A^ t{Q, Ai) = 
A^er(g,A^). _ 

(Hi) If X ^ Ad and 7r(x) G Ai^ for some A G A, then x G Ai'^. 

Proof, (i) We first note that since vr is a ^—module homomorphism, the re- 
striction of vr to A^ is a ^—module homomorphism. Now as Ai^ ®t{Q, Ai) = 
e T{g,M) and that A^o is an irreducible module, it is immedi- 
ate that the restriction of vr to Al^ is a module isomorphism from 
Ai^ onto Ai'^. Now suppose that ^ A, since Ai^ is a completely re- 
ducible module and T{g, Ai) is a C/^— suhmodule of A^'*', one finds a 
^^-submodule of M of such that = A/ © r(^,A4). Therefore 
9 := it\j^ : J\f — t- Ai^ is a C/'*'— module isomorphism. We know that A^'*' 
has a weight space decomposition A4^ = ®a£rx{-^^)a with respect to Tix 
and that A^*^ has a weight space decomposition A4^ = (Baero{-^^)a with 
respect to Hq such that 
(1.31) 

To ^ Ro, Q Rx, 

For * G {sh, Ig, ex}, Tx \ {0} = (^a)* if and only if To \ {0} = (i?o)*, 
(MX = (MX for a G To \ {0}, 

(see (jl.28p ). Now since Ai^ is a ^"—suhmodule of Ai^ and ^ is a module 
isomorphism, := 6~^{M^) C Al°®r(^, Ai) = is a ^°-submodule of 
Ai^. Also is a module equipped with the weight space decomposition 
^f = ®a€r),J^a with respect to Tix, where for a G Tx, Ma ■= 9^^{iM^)a), 
and that AA° has a weight space decomposition A/"" = ©aero (A/"*^) a, with 
respect to Ho, where for a G Tq, {J\f^)a ■= 9~^{{M^)q). Therefore Ai^ has 
a weight space decomposition A4^ = ©aerAU{o}(-^'^)a! with respect to Hx 
where 

r {M% ifaGrA\{0}, 
(1.32) (A4^)a = < (A1^)o + r(^,A^) if a = and G T^, 

[ T{g,M) ifa = Oand0^rA. 
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Also = © t(^,7W) and Ai'^ is equipped with the weight space de- 
composition Ai^ = ®QeroU{o}(-^*^)a with respect to Hq, where 

r (MX ifaGro\{0}, 

(1.33) (7^0)^ =<^ {M\ + T{g,M) if Q = and e To, 

( T{g,M) if a = and Tq. 

Now (jl.3ip - (jl.33p together with [Y, Theorem] imply that the sub module 
M''^ of generated by is a submodule of TW'*' isomorphic to A4^. 
This together with the facts that 7t{M^) C M^, 7r(7W°) / {0}, and as 
well as A^'^ are irreducible modules, implies that the restriction of vr to 
is a ^'''—module isomorphism from Xi^ to M^. In particular, we get 
that M^ = M^® T{g, M)=M^® T{g, M). 
(ii) This is easy to see using Part (i). 

(Hi) Take ^ € A to be such that x € We know that there is z/ G A 
with X ^ u and /x -< z/. Since the restriction of vr to is a module iso- 
morphism from jM.^ onto Al^, one finds y € such that 7r(x) = '7r(y). So 
x,y G Xi'^ and 7r(x) = 7r(y). But the restriction of vr to A^*^ is a module 
isomorphism from M'^ onto , therefore x = y € A4^. □ 

Consider (|1.26p and (jl.27p and identify ^(8) 1 with g. Using Lemmas 11.301 
11.231 and [Oil li i & I\, j ^ J and t € T, for A G A, one finds irreducible 
submodules 0^, and V^'^ of £ such that 0^ is isomorphic to g^, 5^ 
is isomorphic to 5^ and V^^ is isomorphic to V^"^. Moreover 

• g^ is the submodule of C generated by 0^, 

(1.34) • 5| is the g^-submodule of C generated by S^, 

• V^"^ is the submodule of C generated by V^. 

Also setting cjj := lin^AgA^,^, Sj := lin^AgA^/ and Vt ■= lin^AgAH^, is 
isomorphic to ^j, 5j is isomorphic to Sj and is isomorphic to Vt- Also we 
have 

• gi®T{g,gi) = gi®T{g,gi), gl®T{g,gi) = gl®T{g,gi), 

(1.35) . Sj®T{g,Sj) = Sj(BT{g,Sj), 5/©r(g,5j) = S^(BT{g,Sj), 

• Vt©r(g,Vt) = Vt(BT{g,Vt), v^®T{g,Vt) = v^®T{g,Vt). 

Lemma 1.36. Consider U.19\) . there is a subspace V of [C^,C^] fl (Pq © 
ker^n)) such that 7r(P) C Vq, 7r|^ : V — > Vq is a linear isomorphism, 
[g'>,V] = {0} and for A G A, [g\ V] C E^^jS^. 

Proof. We note that Vq Q C° = so for d £ Vq, there are n G 

N\ {0}, Xi,yi G £° such that d = Yyl^ii^iiVi]- So we have yi] = 

+ Er=i^(^i>yO e n (Po + fcer(7r)). Also 7r(SJLi[3;^, yj) = d. 

Therefore there is a subspace V of [Z^*^,/^"] n {Vq © ker{7r)) such that 7r|p : 
P — Dq is a linear isomorphism. Now using Lemma 11.151 together with 
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the fact that vr I „ ,: (B keriir) — > is a central extension of 

£°, we get that {Q^ ,V\ C {Q^ ,V^\ = {0}. Next suppose A G A, x G 
and (i G X> C Po © ker{TT) Vx + Y^jajSj + ker{iT) (see ^UM ). So as 
© ker^ir) is a central extension for C^, using Lemma 11.151 together with 
(jl.35p . we have 

[x, d] G [x, -Dx + Y^ 5/ + ker{7r)] C [x, V^ + Yl ^f^ ^ E ^f^ 

This completes the proof. □ 

Lemma 1.37. Ylii(^i + X^jeJ '^i + X^ter"'^* + V is a direct sum. 

Proof. Suppose that Y,i Xi G Xl^g^; Gi, Y.j Vj ^ Ejej 4 ; Et ^ Eter ""^t' ^ 
X> and Ej + Ej + Et -z* + d = 0, then we have 

= nCYxi+Y,yj + Y^t + d) = ^^(ii) + 5^7r(yj) + ^^(it) + 7r((i). 

i j i i j t 

Now as 7r(^i) = Gi, TT{Sj) = Sj, 7r(Vj) = Vj and Eiex^i + Ejej "^i ® 
J2teT^i + P is direct, we get that 7r{xi) = 0, 7r(yj) = 0, 7r(it) = and 
7r(d) = 0. But for i (z I, j and t G T, vr | . , vr | . , vr | . and vr j . are 

Oj Vf "D 

isomorphism, so Xi = 0, yj = 0, zt = 0, d = {i & I, j € J' and t £ T). □ 
Now set 

(1.38) £:=0ai©05,©0Vt©P. 

iex jej t&T 

Using the same argument as in Lemma 11.371 C D ker{7r) = {0} and so 
£ = C®ker{TT). 
Now set 

(1.39) VTi : C — > C and tt2 : C — > ker{-K) 

to be the projective maps on C and ker^-K) respectively and for x,y £ C, 
define 

(1.40) [x,y] := 7ri{[x,y]) and f{x,y)=TT2{[x,y]). 

Then we get that {C, [•, •]) is a Lie algebra and by Lemma ll.24| Q^, A G A, 
is a subalgebra of C Also f : C x C — > ker{7r) is a 2-cocycle. Moreover 
consulting Lemma [1.361 we get that £ is a ^— submodule of C which implies 
that 

(1.41) f{g,c) = {o}. 
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For each x G £, there are unique Ix ^ ^ C and e^,., fx € ker^n) such 

that X = ix + Gx = + fx- Also we note that 

(1.42) ^4=^ 4 = -e.; xeC 
^ly = y and = -fy\ y e C, 

(see (fL35]l ). For A G A, set 

iex jej" tGT 
So considering ()1.20p . we have 

(1.43) := ekeriir) = ekeriir). 

Note that for each A G A, is a Lie subalgebra of C and £ is the direct 
union of {C^ \ A G A}. In the fohowing, we show that for A G A, is a Lie 
subalgebra of £ and that C is the direct union of {C^ | A G A}. 

Lemma 1.44. (i) tt\^ is a Lie algebra isomorphism from (£, [•, •]) to (£, [•, •]). 
Also for each X £ A, is a Lie subalgebra of (£, [•,•]) isomorphic to 
and C is the direct union of {C^ | A G A}. 

(a) Recall M.39\) . for A G A, 7ri|^^ : — )• is a central extension of 
with corresponding 2-cocycle f |^Ax£a satisfying f{Q'^^C^) = {0}. 

(Hi) For A G A, there is a subalgebra T)\ of C?^ with t^{T>\) = T>x such that 
T>\ is a trivial Q'^ — submodule of C?' and 

iel j€j t&T 

iex j&j t&T 

Proof, {i) We fix x,?/ G £ and show that 7r([x,y]) = [7r(x), 7r(y)] = [lx-,(-y\- 
Using (ll.42|) . we have 

7r([x,yi) =7r(7ri([x,y])) = T^{TTl{%Ay\+ T{lxAy))) 

This means that the restriction of vr to £ is a Lie algebra homomorphism. 
But £ = £ © ker{7r) = £ © A;er(7r) which in turn implies that ir restricted to 
£ is an isomorphism from £ onto £. Next suppose A G A and x, y G C"^, then 
G £^- Also [x,y] G £, and [x,y] = [x,y]-f{x,y) = %Ay\ + T{lxAy) - 
f{x,y) G £'^ + fcer(7r) = ^C"^. Therefore we get [x,y] G £ PI £'*' = £'*' which 
shows that C'^ is a subalgebra of £. Now as the restriction of vr to £ is a 
Lie algebra isomorphism from £ to £, we get using (|1.43p that for A G A, 
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the restriction of vr to L is a Lie algebra isomorphism from to L^. Now 
consider ([119]) and set Vx := n i:~''((Dx). We note that vr : £^ — > y& 
a central extension, so using LemmadlSl we have \Q^,'t)y\ = {Q^,Vy\ = 0. 

{a) Since C'^ = ® ker{TT), it is immediate that "^il^x ^ central 
extension of Also we note that for x and y ^ C^, [lx,y] G ^'^ as 

is a t/'^— submodule of Thus f{x,y) = 7r2{[x,y]) = 7r2{[^x,y]) = 0. □ 

Now using the same notation as in the text and regard Lemmas 11.361 and 
II. 44^ we summarize our information as follows: We have 

C = t® ker{TT) = ^ g, e Eie J 4 Y.teT ^t®V® fcer(7r), 
C^ = t^® ker{n) = Ql e J Sj Eter e A;er (vr) 

(A € A). Also vTi : £ — > /3 is a central extension of C with corresponding 
2-cocycle f satisfying f{Q,C) = {0}. So without loss of generality, from now 
on we assume that L = L® ker{Tr) and that C is a ty— submodule of C and 
that 

(L45) T{g, C) = {0} and Vq C [£0, = £0]. 

Lemma 1.46. For X e A, C [C^,C^]- Also C C [£,£]■ 

Proof. We know from (jl.l9p that 
(L47) 

= {g^(S)A)(B{S^^B)®{V^(S)C)®Vx = (a^0^)0(5^®0)©(V^(^C)0Po- 

and that C = (6? >1) © (5 ^B) © (V ® C) © Pq- We also know that the 
restriction vr to £^ © ker^jr) is a central extension of with corresponding 
2-cocycle r satisfying t^Q^jC"^) = {0}. Thus it follows from [21 Pro. 5.23] 
that the summands Q"^ ^ A, 5"^ ^B, C and T)^ are orthogonal with 
respect to r and that for x,y^g'^,a^ A, s&S,b&B,v^V and c G C, 
we have 

[x 1, y a] = [x 1, y a] + r(x 1, y a) = [x 1, y a] = [x, y] a, 
[x 1, s 6] = [x 1, s 6] = [x, s] b, 
[x 1, u c] = [x 1, t; c] = xz; c. 

This together with the fact that G, S and V are irreducible finite dimensional 
^-modules, implies that {g^(SiA) © (5^0^) © (V-^0C) C [C^,C^]. Now 
contemplating (I1.47P and (ll.45p . we are done. □ 

Theorem 1.48. Suppose that I is an infinite index set, R is an irreducible 
locally finite root system of type BCi and q := (a, *,C,/) is a coordinate 
quadruple of type BC. Take b := b(q) and suppose JC is a subspace o/HF(b) 
satisfying the uniform property on b. Set (b, b) := {b, b}//C and consider the 
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R- graded Lie algebra C := {G ® A) (B {S B) ® {V C) ® (b, b). Suppose 
that T : C X C — > E is a 2-cocycle and consider the corresponding central 
extension C := C® E as well as the canonical projection map vr : C — C 
If C is perfect, then C is an R— graded Lie algebra with the same coordinate 
quadruple (a, *,C,/). Also there is a subspace ICq of HF{b) satisfying the 
uniform property on b such that C can be identified with {G 'SS> A) ® {S B) ® 
(V (81 C) © ({b,b}//Co) where setting {b,b')c := {b,b'} + JCq, the Lie bracket 
on C is given by 
(1.49) 

[x a,y (g) a'] = [x, y] (g) ^(a o a') + {x o y) (g) i[o, o'] + tr{xy){a, a')c, 

[x ^ a, s (g) b] = {x o s) (g) ^[a, b] + [x , s] (g) ^{a o b) = — [s ® b, X (g a], 

[s^b,t(g> b'] = [s, t] ® i(6 o 6') + (s o t) (g) i [6, b'] + tr{st) {b, 6')c, 

[x ® a, u eg) c] = xu ® a ■ c = — [u (Si c, X ® a], 

[s <Si b, u (Si c] = su (S> b ■ c = —[u (S> c, s (Si b], 

[ui^i c,v c'] = {uo v) {co c') + [u, v\ (g> {c^d) + (n, f )(c, c')c, 

/32), X 0a] = ^{xo Id^, ® [a, /3;^_^J + [x, Id^,\ ® a o /J^^^^J, 
[(/?!, /32),s ® b] = ^{[s, IdJ(g{b o old^, )®% (3;^ J+2trisIdy,){b, /3; 

[{(3i,(32)c, v(8)c] = ^,Id^,v(g ■c)-\v® ific Z?!) • + /(c, f^t) ■ (3*^) 

m,f32)c, {P[,f3!,)c] = (4„ft(/3l),'/3^)c + (/3l,4„^,(/3^))c 

forx,y € g, s,t £ S, u,v £V, a, a' G A, b,b' G B, c,c' G C, /3i , /32 , , ^ ^• 
Moreover, under the above identification, vr : C — > L is given by 7r{x) = x 
for X G (a ^) © (5 ® (V (8) C) and 7r((6, b')) = (6, 6')c for b, b' G b. 

Proof. As we have already seen, without loss of generality, we may assume 
r(Cy, £) = {0}. We now note that L is an i?— graded Lie algebra with grading 
pair and weight space decomposition £ = (Ba&Ri^a where 

(1.50) >C« = £„; a£R\{{)], Cq = CQ®ker{'K)= Cq®E. 

Suppose that {oj | i G T}, {bj \ j G J7} and {q | t G T} are bases for A,B 
and C respectively. We assume G Z and ao = 1. For A G A and i G Z, j G 
and i G T, we set 

:= (gOi, := ^(8)ai 
:= 5^ ©6j, Sj :=S(g)bj 

Therefore for V := (b, b), we have £ = ^ .^^ Gi © ^^^^ 5^ © J2teT ® ^' 
= UAeA^^ 5j = UasA^/ and Vt = UagaV^ i £ I,j £ J,t £ T. For 
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A G A, set 

— r;A rr, V 

^A nX ^ cA 



The restriction of vr to £ is a central extension of £ and setting vr^ := 
7r|^^ : £^ — £'*', we get that {C/^^itx) is a perfect central extension of C^. 



Also by Lemma 11.46^ we have 

(L51) £^ = £^ © Zx 

where Zx '■= ker^nx)- Now as £ is perfect, 

£ = [£, £] = [UAgA£\ UAgA£^] = UAeA[£\ £^] = UAeA£^ 

so £ is the direct union of {C"^ | A € A}. We next note that £^ is an 
i?A— graded Lie algebra with grading pair {Q^^T-Lx '■= H H) and is a 
perfect central extension of £'^ with corresponding 2— cocycle tx := t I^Axca 
satisfying rA(^/'^, C^) = {0}. Therefore by Lemma [1.16^ = (BaeRx-^a "^i*^ 

r rA r -f ^ R \ /nl f if a G i?A \ {0} 

rA_J>C^ = 'C„ iia£Rx\{0} _l r 

We next recall from (fT3T]) that for A G A, £^ = Eiex^i^ ® Ejej'^j' © 
Eter'^'t^ © ^A © Zx- Also Pa © -^a is a trivial ^^-submodule of £^. We 
next note that t{G,C) = {0} which implies that £^ is a submodule of 
£^. Now as is the submodule of generated by Q^, we get that 
is also the submodule of £'*' generated by Q^. Similarly for j & J and 
t ^ T, Sj' coincides with the submodule of generated by Sj, and V/' 
coincides with the submodule of £'^ generated by . This means that 

(X, ^, r, {5°}, {5/}, {Vf }, {V,-^}, © ^0, 2?A © 2a) 

is an (iio) -RA)~datum for -< A in the sense of [8]. Therefore using [Y], we 
get that 

£^ = Y.^^®J2^3®J2^t®'^o(BZo 

i&I j€j t€T 

= {g^(^A) © (S^^B) © (V^©C) © Po © Zq. 



So 



£ = U£^ = ^gi©^cSj©^Vt©Po©2o 

iex jej ter 
= {g(^A)®{S(g>B)®{V(E>C)®Vo®Zo. 
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Using [Y] and Lemma [1.161 CP , and have the same coordinate 
quadruple q. Also there is a subspace /Co of HF(b) satisfying the uniform 
property on b such that Vq ® Zq = {b,b}//Co- Now setting (b,b)c := 
{b,b}//Co, we get using (|1.49p using [Y, Pro 3.10]. Now by [Y, Theorem 
4.1], C is an i?— graded Lie algebra. Now for fix x,y G ^ with tr{xy) / 0, 
and a, a' € A, we have 

[x,y] (g) (l/2)(aoa') + {x o y) (g) (l/2)[a,a] + tr{xy){a,a') 
= [x (g a,y (g a'] 
= [tt{x ^ a),7r{y a')] 
= 7r{[x ^ a,y ^ a']) 

= 7r{[x, y] (g) (l/2)(a o a') + {x o y) (g (l/2)[a, a'] + tr{xy){a, a')c) 
= [x,y] (g (l/2)(aoa') + (x o y) (g (l/2)[a,a'] + tr{xy)7r{{a,a')c). 

This implies that 7r((a, a')c) = (a, a')- Similarly we can prove that '/r((6, b')c) = 
{b,b') and ■k{{c,c')c) = {c,c') for b,b' & B and c, c' G C. This completes the 
proof. □ 

Theorem 1.52. Suppose that q := (a, *,C,/) is a coordinate quadruple of 
type BC, b := b(q), /C a subspace o/HF(b) satisfying the uniform property 
onb andC:= Ciq,IC) = {G ^ A) ® (S ^ B) e {V (gC) ® {b,b), where {b,b) := 
{b,b}//C, the corresponding R— graded Lie algebra. Consider Remark 
and set 21 := C{c\, {0}) = (Q (g A) ® {S (g) B) ® (V g) C) e {b, b}, then 21 is 
the universal central extension of C. 

Proof. Define 

x^x; X e {G g) A) e {S (g B) ® (V (g) C); 

{b,b'})u^{b,b'} + IC= {b,b'). 

If x G ker{7r), then x = XliAj/^il such that X^j(/3i,/3-) = 0. But since JC 
satisfies the uniform property on b, we get that Yliif^*p- fi' ~ ^- Now ()1.49p 
together with (jl.l4p implies that x G Z(2l). This means that vr is a central 
extension of £. Now suppose that £ is a Lie algebra and ip : C — > £ is a 
central extension of C Set C to be the derived algebra of C and ip := ip \^ . 
Then {C,(p) is a perfect central extension of £. By Theorem 11.481 we may 
assume there is a subspace /Co of HF(b) satisfying the uniform property on b 
such that C = {G^ A)® {S®B)®{V(gC)®{b, b)c where {b,b)c := {b, b}//Co 
and if : C — > C is given by 

ip{x) =x; x€{g(gA)®{S(gB)®{V(gC) 
(/p((/3,/3')c) = (/3,/3'); /?,/?' eb. 
Now if we define 

ijj : {g ^ A) e {S ^ B) ® {V (g C) (B {b,b} ^ C 

i^{x) = x; xe{g(gA)(B{S(gB)e{V(^C) and = /3')c, 
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^ is a Lie algebra homomorphism satisfying o ip = -k. In other words, vr is 
the universal central extension. □ 
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